Abstract. We state a conjecture on quantization of the geometric Langlands correspondence, following an idea of V. Drinfeld. Before that we prove that the moduli stack of principal G-bundles on an algebraic curve is a smooth algebraic stack, and identify its so called twisted cotangent stack with the moduli stack of principal G-bundles with a (flat) algebraic connection.
Introduction
In the early 90's V. Drinfeld proposed a geometric version of the Langlands program in number theory and theory of automorphic forms (cf. [BD1] , [BD2] ). Let us briefly recall Drinfeld's conjecture on the geometric Langlands correspondence.
Let C be a smooth connected projective curve of genus g over C, and let G be a semisimple algebraic group over C. Denote by Bun G the moduli stack of principal G-bundles on C. This is a smooth algebraic stack of pure dimension dim G · (g − 1) (see §2). Let G ∨ be the group Langlands dual to G (cf. 4.1).
Drinfeld's conjecture asserts that there is a one-to-one correspondence between 1) G ∨ -local systems on C, and 2) irreducible holonomic D-modules with regular singularities on Bun G with the so called Hecke eigenvalue property. (Cf. 4.2.) At the same time V. Drinfeld proposed a beautiful idea of quantization of the geometric Langlands correspondence. (We learned it from A. Beilinson and B. Feigin .) It says, roughly, that, for G simple, there should be a distinguished family of twisted D-modules on the product Bun G × Bun G ∨ parameterized by a complex number κ; this family degenerates (in an appropriate sense) into the geometric Langlands correspondences attached to G and G ∨ , as, respectively, κ → 0 and κ → ∞. This family should be symmetric in G and G ∨ . The goal of this paper is to make Drinfeld's idea a precise conjecture, with exposition of necessary technical tools.
The contents of the paper is the following. In §1 the notion of asymptotic twisted D-module is introduced. Let X be a smooth variety over an algebraically closed field k of characteristic zero, and let λ be a line bundle on X. In §1.1 we define the so called sheaf of asymptotic twisted differential operators on X, denoted D asym X (λ ⊗t ). This is a sheaf of flat O P 1 -algebras on the product P 1 × X, equipped with an inclusion O P 1 ×X ֒→ D asym X (λ ⊗t ). For any κ ∈ k one has D asym X (λ ⊗t )| {κ}×X ≃ D X (λ ⊗κ ) (the sheaf of λ ⊗κ -twisted differential operators on X, see e.g. [BB] ), and
where π : T * X → X is the twisted cotangent bundle to X (corresponding to λ). This is a bundle of affine spaces over X, whose underlying vector bundle is the cotangent bundle π : T * X → X. An asymptotic twisted D-module on X is, by definition, a sheaf of D asym X (λ ⊗t )-modules on P 1 × X quasicoherent as an O P 1 ×X -module. If F is an asymptotic twisted D-module on X, then F κ := F | {κ}×X is naturally a D X (λ ⊗κ )-module, and F | {∞}×X is a quasicoherent π • O T * X -module. The corresponding quasicoherent O T * X -module is called the asymptotic limit of F , and denoted F ∞ . Thus, the notion of asymptotic twisted Dmodule is a formalization of the notion of family of twisted D-modules degenerating into an O T * X -module.
One can define the same notions in the situation when X is a smooth algebraic stack and λ is a line bundle on X.
In §2 the stack Bun G is considered. It is proved that Bun G is a smooth algebraic stack. This result is well known (see e.g. [La2] ), but we could not find a proof in the literature. The proof in §2 follows the ideas of [BD2] , [La1] , and [La2] .
In §3 the twisted cotangent stack to Bun G , corresponding to the canonical line bundle on Bun G , is identified with the moduli stack of principal G-bundles on C with a (flat) algebraic connection.
Finally, in §4 a conjecture on quantization of the geometric Langlands correspondence is stated. It uses the definition of a Hecke eigen-D Bun G -module from [BD2] .
The reader interested in the statement of the Conjecture can look through 1.4, 3.0, 3.4.2, and pass to §4.
We hope to discuss and refine the quantization conjecture in a forthcoming paper. C is also denoted by ω C . For a scheme T and a morphism ϕ : X → T , we call ϕ −1 O T -modules, ϕ −1 O T -algebras, etc. on X simply by O T -modules, O T -algebras etc. pr i denotes the projection of a product to the i-th factor. Sym(V ) = ⊕ i Sym i (V ) denotes the symmetric algebra of V . g denotes the Lie algebra of G. For a principal G-bundle P and a G-module M, M P denotes the associated vector bundle P × G M.
Asymptotic twisted algebraic D-modules
This section is devoted to definition and elementary properties of asymptotic twisted D-modules on smooth algebraic varieties and stacks.
1.1. The sheaf D asym X (λ ⊗t ).
1.1.0. The sheaf of relative differential operators. Let X be a smooth variety over k, and let T = Spec R be an affine scheme, where R is a Noetherian k-algebra without divisors of zero. For any affine open subset U ⊂ T × X, denote by D X,T ( U ) the ring of R-linear differential operators (in Grothendieck's sense) on O( U ).
1.1.1.
Proposition. a) For any f ∈ O( U ), f = 0,
where U f = U \ {f = 0}. Hence, there exists a unique quasicoherent sheaf D X,T of left (or right) O T ×X -modules, such that for any affine open U , D X,T ( U) is as above. Let us call it the sheaf of relative differential operators on T × X over T . It is a sheaf of O T -algebras. b) For each point of X there exists an affine neighbourhood U of this point and vector fields ∂ 1 , . . . , ∂ m ∈ Θ X (U) such that
(∂ i commute with each other, and
. Let λ be a line bundle on X, and let
* is the transition function corresponding to the change of trivialization
(Cf. [GS] II.2.) Clearly, this equality correctly defines a sheaf of flat O P 1 \{0} -algebras on (P 1 \ {0}) × X. Moreover, one has
where π : T * X → X is the cotangent bundle. 
given by the formula (1) divided by t. Such an automorphism exists and is unique. Again, the cocycle condition is evident. Glueing these local data, one obtains a sheaf on (P 1 \ {0}) × X, whose restriction to 
, where D X (λ) is the sheaf of differential operators acting on λ (= λ-twisted), and F i is the canonical filtration on D X (λ) by order of an operator. Consider B(λ) as a left O X -module. One has an exact sequence
It is clear that π : T * X → X is a bundle of affine spaces with the underlying vector bundle π :
This follows from (2) and (1).
1.1.5. Remark. The P 1 -family of sheaves D X (λ ⊗t ), π • O T * X described above extends naturally to a G m -equivariant A 2 -family whose fiber at (0, 0) is π • O T * X . This observation is due to the referee; it will not be used below.
D
asym (λ ⊗t )-modules.
1.2.1. 
. In other words, there are morphisms
. In particular, assume that α is smooth. Then α + is exact. There is an exact sequence
whence an exact sequence of bundles 
The singular support behaves as usual under inverse images of smooth morphisms.
asym (λ ⊗t )-modules on smooth stacks. Let X be a smooth algebraic stack over k. Recall that the stack X associates to each affine k-scheme S = Spec R ∈ Af f a groupoid X (S) = X (R), and to each morphism α : S 1 → S 2 in Af f it associates a functor α * : X (S 2 ) → X (S 1 ). These data satisfy certain natural compatibility conditions as well as localization properties. For details, see [La1] or [LS] .
Denote by X sm the smooth site of X [La1, §6] . An object of X sm is a pair (X, ϕ X ) where X is a smooth affine scheme and ϕ X : X → X is a smooth 1-morphism. A morphism (Y, ϕ Y ) → (X, ϕ X ) is a pair (α, ι), where α : Y → X is a smooth morphism of schemes, and ι :
Let λ be a line bundle on X .
We are now going to define the twisted cotangent stack π : T * X → X (corresponding to λ). Let us first construct the coherent O-module B(λ) on X . For any (X, ϕ X ) ∈ X sm , there is a natural morphism of O X -modules Θ X/X → B(ϕ • X λ) constructed in the standard way (by smooth descent). Here Θ X/X is the relative tangent coherent sheaf on X. Denote by B(λ) X the cokernel of this morphism of O X -modules. One checks that, for various (X, ϕ X ), the B(λ) X form a coherent sheaf of O-modules on X , denoted B(λ). It fits into an exact sequence of coherent O X -modules
Define the twisted cotangent stack to X as
As in the case of varieties, denote the corresponding quasicoherent O T * X -module by F ∞ , and call it the asymptotic limit of F .
1.4. Some generalizations. The following slight generalizations of the above constructions and definitions will be used in §4.
1.4.1. Let X be a smooth variety over k, λ a line bundle on X, and e a non-zero rational number. The sheaf
.e. as in 1.1 using the formula (1) with t replaced by et. One has
the latter isomorphism is induced by the isomorphism B(λ) → B(λ) given by multiplication by e. So the twisted cotangent bundles corresponding to λ and λ ⊗e are canonically isomorphic. All the definitions and constructions from 1.1-1.3 hold with λ replaced by λ ⊗e . (Actually λ can be replaced by any sheaf of rings of twisted differential operators (t.d.o.) on X [BB]; we will not use this fact below.) 1.4.2. The scheme P 1 in 1.1-1.4.1 can be replaced by any integral Noetherian k-scheme T equipped with a morphism T → P 1 . This morphism can be given by a rational function t on T .
1.4.3. Finally, let X , X ∨ be two smooth algebraic stacks with line bundles respectively λ, λ ∨ ; let e, e ∨ be two rational numbers; let T be a scheme as in 1.4.2, and let t, t ∨ be two rational functions on T . Then one readily defines the notion of
∨ . All the constructions from 1.1-1.3 are rendered to this situation.
The stack Bun G
This section contains the proof of the following Theorem.
2.0.
Theorem. Bun G is a smooth algebraic stack. Moreover, if G is unimodular (in particular, if G is reductive), then Bun G has pure dimension dim G · (g − 1).
First of all, recall the definition of Bun
III.4), and to each morphism α :
The axioms of a stack for Bun G can be deduced from the theory of faithfully flat descent ( [M] , I.2.24).
Let us prove that Bun G is algebraic. We will actually prove a stronger result.
Let us fix some notations, which will be used throughout the paper. Choose a point x ∈ C. Let O x be the completed local ring of x. The choice of a local coordinate z on C near
is the set of k-points of an affine algebraic group, which we denote by G O
this is an affine group scheme.
Consider the moduli stack Bun G,nx parameterizing G-bundles on C trivialized over Spec O (n)
Indeed, these torsors are locally trivial in the faithfully flat topology: for any S = Spec R ∈ Af f and P ∈ Bun G (S), there exists a faithfully flat morphism α :
e. admits a section). One can take R ′ to be the product of henselizations of local rings of all points of S ( [LS] 3.11).
2.2.
Proposition (Cf. [BD2, 2.3.2] ). There exists a covering of Bun G by open substacks X i , i ∈ I, and for any i there exists n = n(i) such that
nx is a scheme of finite type over k.
The proposition implies that Bun G is an algebraic stack, locally isomorphic to
, and Bun G,x is an infinite dimensional scheme. Proof of the proposition occupies 2.2.1-2.2.3. It consists of three steps.
Step 1: the choice of a suitable embedding G ⊂ GL(r).
2.2.1.
Lemma. There exists an embedding G ⊂ SL(r) ⊂ GL(r) such that G coincides with the stabilizer in GL(r) of a finite number of tensors.
Proof. (Cf. [BD2, proof of 4.5.1].) Let G ⊂ GL(n) be an arbitrary embedding. By a theorem of Chevalley [Bo2] , there exists a GL(n)-module M and a vector v ∈ M such that G coincides with the stabilizer of the line v ∈ P(M). One can assume that M is a submodule of a direct sum of some tensor modules, so v = (v 1 , . . . , v m ), where v i are some tensors on k n . Consider the space
It is clear that G is isomorphic to the subgroup of GL(n) × GL(1) ⊂ GL(n + 1) ⊂ SL(n + 2) stabilizing the tensors v
The group GL(n) × GL(1) is the stabilizer of 4 tensors on k n+2 (the 3 projectors on the direct summands and the determinant); hence G is isomorphic to the stabilizer in GL(n + 2) of m + 4 tensors. Hence one can take r = n + 2.
Step 2: reduction to the case of vector bundles of degree 0.
2.2.2.
Lemma. The Proposition follows from the analogous statement for the moduli stack Bun 0 GL(r) of rank r and degree 0 vector bundles on C. Proof. For any m > 0, consider the following substack
Here N Bun G ,
,mx is defined similarly to Bun G,mx ), and
Claim. The natural morphism V m → V m is representable by locally closed embeddings.
and satisfying (3). We are to prove that the stack V m × Vm S is representable by a locally closed subscheme of S. For S 1 ∈ Af f, a morphism S 1 → V m × Vm S is the same as a morphism of schemes α : S 1 → S together with a Gstructure on the vector bundle (α × id)
• E on S 1 × C compatible with the trivialization over
One can assume that G is the stabilizer of contravariant tensors
. Let Q ≃ GL(r)/G be the GL(r)-orbit of the point (v 1 , . . . , v l ), and Q its closure. The variety Q is given by a finite number of polynomial equations on v i . Assume that the number N from (3) is greater than the total tensor degrees of these tensors and equations. For all j = 1, . . . , N, one has an exact sequence of sheaves on S:
). By (3) and by the relative Serre duality, pr 1• (E ⊗j ⊗ pr
) is a vector bundle. Let S ′ ⊂ S be the intersection of zero loci of the sections δ(v i ), i = 1, . . . , l; here v i is considered as the constant section of
Let Q E (Q E ) be the bundle with fiber Q (resp. Q) associated with the GL(r)-bundle E. Then there is a section of
x . This section lies in Q E ⊂ Q E over some open subscheme S ′′ ⊂ S ′ , and gives the G-structure on E| S ′′ ×C . It is easy to see that S ′′ represents the stack V m × Vm S.
End of proof of the Lemma. Assume that the analog of the Proposition for Bun 0 GL(r) is true, i.e. there exists an open covering
V m is a scheme of finite type, because it is a locally closed subscheme of the scheme
Step 3: 2.2.3.
Lemma. The analog of the Proposition for the stack Bun 0 GL(r) is true. Proof. (Cf. [La1] , proof of Theorem (4.14.2.1).) Choose a point y ∈ C, y = x. Consider the following substack
) is a vector bundle, and the natural morphism pr 
Let us prove that
Bun 0 GL(r),nx is a scheme of finite type for n = d − g + 1.
Consider the following scheme Quot
consists of surjections O nr S×C ։ E, where E is a vector bundle on S × C of rank r and degree rd along C. Quot r,rd O nr C is a quasiprojective scheme, because it is an open subscheme of the generalized Hilbert scheme [Gr] . Let us construct a morphism
which is a locally closed embedding.
Let
x and satisfying (4). By Riemann-Roch,
hence the natural morphism
, and consider the surjection
This is an element of Quot 
is a vector bundle, the natural morphism pr
• 1 pr 1• E → E is surjective, and the composite morphism
x -modules. The Lemma and hence the Proposition is proved.
2.3. End of proof of Theorem 2.0. It remains to prove that i) the stack Bun G is smooth for any G, and ii) Bun G has pure dimension dim G · (g − 1) if G is unimodular.
2.3.1. Proof of i). By 2.2, the stack Bun G is locally of finite presentation. Hence, by [La1] , (3.14) (ii), it is enough to prove that Bun G is formally smooth, i.e. for any k-algebra R and an ideal I ⊂ R with I 2 = 0, the restriction functor Bun G (S) → Bun G (S 0 ) is essentially surjective, where
Denote by g the Lie algebra of G. Recall that for any G-module M, M P 0 denotes the vector bundle P 0 × G M.
2.3.2.
Lemma (cf. [La2] (2.5)). The deformation theory of P 0 into an object P ∈ Bun G (S) is controlled by the complex (in the derived category of
; if this obstruction is zero, then the set of deformations is a torsor over H 1 (C • ); and the group of automorphisms of a given deformation is canonically iso- End of proof of i). Since H 2 (C • ) = 0, the deformation theory of P 0 is unobstructed, and smoothness of Bun G is proved.
2.3.3.
Proof of ii). Let us compute the dimension of the scheme X i from 2.2. By i), X i is a smooth variety. The same argument as in the proof of 2.3.2 shows that the tangent space to a point P ∈ X i is isomorphic to H 1 (C, g P (−n(i)x)), and H 0 (C, g P (−n(i)x)) = 0. As G is unimodular, under the adjoint representation G goes to SL(g); hence deg g P = 0. By Riemann-Roch,
Hence, Bun G has pure dimension
Theorem 2.0 is proved.
3. The twisted cotangent stack to Bun G In this section the group G is assumed to be semisimple. The section contains the proof of the following Theorem, after necessary recollections on Bun G,x .
Theorem 3.0. The twisted cotangent stack to Bun G , corresponding to the canonical line bundle ω on Bun G (see 3.3 ), is canonically isomorphic to the moduli stack Conn G of principal G-bundles on C with a (flat) algebraic connection.
3.1. We will need the following well known constructions: 1) the action of the loop Lie algebra on the scheme Bun G,x ; 2) the canonical line bundle on the stack Bun G ; 3) the action of the affine Kac-Moody algebra on the pullback of this line bundle to Bun G,x . These constructions appeared e.g. in [BD2] , based on [BL1] , [BL2] . Let us recall them. This material occupies 3.2-3.4.
3.2. The action of the loop algebra on the scheme Bun G,x .
3.2.1. Denote by F x the field of fractions of the completed local ring
Recall the notion of k-space (k-group) ([La1] , [BL1] , [LS] ): this is a contravariant functor Af f → Sets (resp. Af f → Groups) which is a sheaf in the faithfully flat topology. The category of k-schemes can be identified with a full subcategory of the category of k-spaces: to a k-scheme X one associates the k-space
A k-space is called an ind-scheme if it is the direct limit (in the category of k-spaces) of a directed system of schemes. A group ind-scheme is a k-group which is an ind-scheme.
Let us consider the functor G(
is a group ind-scheme (see e.g. [LS] 3.7). It is called the (formal) loop group of G. The k-subgroup
, is representable by the affine group scheme G(O x ) from 2.1. Consider also the group indscheme ( [LS] 3.7)
There is a natural inclusion G(O(C \ {x})) ֒→ G(F x ) given by the Laurent development at x.
3.2.2.
Proposition. There is a canonical isomorphism of k-spaces Bun G,x ≃ G(F x )/G(O (C \ {x}) ) compatible with the G(O x )-action. Here the kspace G(F x )/G(O(C \ {x})) is defined as the quotient sheaf of the kgroup G(F x ) by the k-subgroup G(O (C \ {x}) ).
Proof repeats the argument in [LS] 3.11, 3.13. Let us give the proof, for the sake of completeness.
Let S = Spec R ∈ Af f , P ∈ Bun G,x (S); P is trivialized over S × Spec O x . By the Drinfeld-Simpson theorem [DS] , there exists a faithfully flat covering S ′ i = Spec R ′ i → S such that for any i the pullback of the bundle P to S
For any i, j, the two pullbacks of these el- As a corollary, one gets the isomorphism of stacks
. For n = 0, it is Theorem 1.3 from [LS] .
The Lie algebra of
, with the natural bracket) coincides with g ⊗ F x . The Lie \ {x}) ) induces in the standard way the required g ⊗ F x -action.
This g ⊗ F x -action is G(F x )-invariant with respect to the adjoint action of G(F x ) on g ⊗ F x . Let us state this precisely.
Consider the sheaf of Lie algebras Θ Bun G,x = Der O Bun G,x . This sheaf is not quasicoherent, but it is the inverse limit of a sequence of coherent sheaves. Indeed, let us call an open affine subscheme X ⊂ Bun G,x nice if there exists n ≥ 0 and an affine scheme X which is an open substack of Bun G,nx such that X = X × Bun G,nx Bun G,x ⊂ Bun G,x . Denote by p X : X → X the projection; for N ≥ n, denote
By 2.2, the scheme Bun G,x has a covering by nice open subschemes. If X = Spec A is nice and f ∈ A, f = 0, then X f = Spec A f is also nice. Hence Bun G,x has a base of nice opens.
For a nice p X : X = Spec A → X one has
Hence Θ Bun G,x is the inverse limit of the sequence of coherent sheaves p
It is easy to see that the last map vanishes on g ⊗ m N x , hence yields a
where
The sheaf Θ Bun G,x is naturally G(F x )-equivariant, i.e. for S = Spec R the G(R ⊗F x )-action on the set Bun G,x (R) lifts to a G(R ⊗F x )-action on the set of pairs (f ∈ Bun G,x (R), v ∈ Γ(S, f
• Θ Bun G,x )). The group G(R ⊗F x ) acts also on g ⊗ R ⊗F x ; denote this standard adjoint action by Ad 0 . The G(F x )-invariance property of the g ⊗ F x -action on Bun G,x means that the map
is G(R ⊗F x )-invariant. This is deduced purely formally from the functorial properties of the G(F x )-action on Bun G,x .
3.3. The canonical line bundle ω = ω Bun G on Bun G . It is defined as follows. For (X, ϕ X ) ∈ Bun sm G (see 1.3), let P be the corresponding principal G-bundle on X × C. Then ϕ [KM] for the definition of det).
3.4. The action of the affine Kac-Moody algebra on the pullback of ω to Bun G,x .
Recall a construction due to Beilinson and Drinfeld ([BD2] 2.5.3). They defined (by taking the pullback of the constructions of [BL1] for SL(r) under the adjoint representation
Denote by ω the pullback of the line bundle ω to Bun G,x ; this is a G(O x )-equivariant line bundle. The G(O x )-action on ω is extended canonically to a G(F x )-action covering the G(F x )-action on Bun G,x , such that the center G m acts on ω by the identity character.
The Lie algebra g ⊗ F x of G(F x ) coincides with g ⊗ F x ⊕ k · K as a vector space, with the following bracket:
Hence g ⊗ F x acts on ω in such a way that the central element K acts by 1.
For S = Spec R ∈ Af f , the adjoint action of G(F x )(R) on
factors through a G(F x )(R)-action given by the following formula: for
The g ⊗ F x -action on ω is G(F x )-equivariant with respect to the adjoint action of G(F x ) on g ⊗ F x . Precisely, consider the sheaf B(ω) of Lie algebras of differential operators on Bun G,x of order ≤ 1 (in Grothendieck's sense) acting on ω. Equivalenty, B(ω) is the sheaf of G m -invariant vector fields on the G m -torsor 3. This is shown in the same manner as for Θ Bun G,x in 3.2.3, but instead of nice opens one uses "very nice" opens. We call an affine open subscheme X ⊂ Bun G,x very nice if it is nice, p X : X → X ⊂ Bun G,nx , and the pullback of ω to X is trivial.
The sheaf B(ω) is naturally G(F x )-equivariant, i.e. for S = Spec R, the group G(F x )(R) acts on the set of pairs (
This map is G(R ⊗F x )-invariant.
3.4.2. In this subsection the Lie algebra g is assumed to be simple. Consider the standard affine Kac-Moody central extension g of the Lie algebra g ⊗ F x . As a vector space, g = g ⊗ F x ⊕ k · K, and the bracket is given by the formula
where f 1 , f 2 ∈ F x , a, b ∈ g, and , is the invariant bilinear form on g, normalized so that the square of length of a long root equals 2. The cocycle of this extension coincides with the cocycle of the extension g ⊗ F x , multiplied by − 1 2h ∨ , where h ∨ is the dual Coxeter number [Kac] . We identify K = −2h ∨ K. It is natural to introduce the element
Denote by ξ the pullback of ξ to Bun G,x . Then the Lie algebra g acts by ξ-twisted differential operators on Bun G,x so that the central element K acts by 1.
Theorem. ([BD2] ) If the group G is simply connected, then the element ξ comes from a line bundle on Bun G generating the group Pic(Bun G ) ≃ Z.
An equivalent statement has been first conjectured by Laszlo-Sörger and proved in [LS] for classical groups and G 2 . A new version of [BD2] contains a sketch of proof of this result; we will not use it below.
3.5. Proof of Theorem 3.0.
3.5.1. Let us first define the stack Conn G . For S ∈ Af f, Conn G (S) is the groupoid of principal G-bundles P on S × C with an algebraic connection along C. Recall that a connection on P along C is a relative g-valued 1-form ∇ ∈ Γ(P, Ω 1 P/S ⊗ g) which is:
). The connections on P form an affine space (if nonempty) over the vector space Γ(S × C,
The axioms of a stack for Conn G are checked in the same manner as for Bun G .
We will also use the stacks Conn G,nx and Conn G,x defined as follows. For S ∈ Af f , Conn G,nx (S) is the groupoid of principal G-bundles
and equipped with a rational connection ∇ ∈ Γ(P, Ω
• 2 O(nx)) along C which has a pole of order ≤ n at x, and satisfies 1) and the analog of 2). Such connections form a torsor over Γ(S × C,
One has the natural inclusion
Consider also the stack T * Bun G,nx corresponding to the pullback of ω to Bun G,nx . Put
There is a natural G(F x )-action on T * Bun G,x covering the action on Bun G,x . We are going to construct a compatible system of equivariant isomorphisms Conn G,nx
Fix a very nice p X : X = Spec A → X = Spec A ⊂ Bun G,nx (see 3.4.1). Let us construct an isomorphism
Denote by ψ : P → X × C the tautological principal G-bundle on X × C.
3.5.2.
Lemma. The stack Conn G,nx | X is representable by a bundle of affine spaces over X with the underlying vector bundle T * X = Spec Sym(Θ X ). This affine bundle admits a section, hence is non-canonically isomorphic to T * X.
Proof. Let us prove that the bundle P admits a rational connection along C with pole of order ≤ n at x. One has an exact sequence of locally free sheaves on X × C:
The required connection can be viewed as a section
• 2 O(−nx)) ≃ Θ X ; this is proved similarly to 2.3.2. Hence, by the relative Serre duality,
is the vector bundle Θ * X dual to Θ X , and
• 2 O(nx)) = 0. Hence the sequence obtained by applying the functor Γ to (7) is exact. Hence, ∇ 0 exists. Now, for S ∈ Af f a morphism S → Conn G,nx | X is the same as a morphism α : S → X and a rational connection ∇ on α * P with pole of order ≤ n at x. Considering
It is easy to check that this yields a non-canonical isomorphism Conn G,nx | X ≃ T * X. The Lemma easily follows.
Denote by π
It is easy to check that the sheaf B ′ X does not depend on this isomorphism. One has an exact sequence
Hence it suffices to construct a morphism of
commutes. For that, let us construct a G nx -invariant morphism
; ;
commutes. Denote by P the pullback of P to X × C; P is trivialized over X × Spec O x .
3.5.4.
Lemma. There is a natural exact sequence of A-modules
where σ X,n is the action map from 3.4.1.
Proof. One has the standard isomorphism of A-modules
It is easy to see that the diagram is commutative. Hence, σ X,n is surjective, and Ker
The Lemma implies that it suffices to construct a morphism of A-modules
Put Φ X (K) = 1. Further, denote by ∇ the tautological rational connection with pole of order ≤ n at x on the pullback P of the bun-
X is the morphism induced by Φ X , commutes. Hence, Φ X induces an isomorphism
For an open affine subscheme X f ⊂ X, Φ X f coincides with the localization of Φ X .
f) For N ≥ n, Φ X coincides with the composition of Φ X N and the
Due to e)-g) and 2.2, one gets for any m ≥ 0 an isomorphism of stacks
h) The isomorphism J mx is G mx -equivariant, hence descends to an isomorphism Conn G,mx
Proof. a) Obvious. b) Let X ′ = Spec A ′ → X be a faithfully flat morphism such that the pullback of P to X ′ × (C \ {x}) is trivial (see Proof of 3.2.2). Let
Tensoring by A ′ , one gets the morphism Φ X ′ : g ⊗ A ′ ⊗F X → V ′ . It suffices to prove that Φ X ′ vanishes on the image of Γ(g P ′ | X ′ ×(C\{x}) ). By 3.5.4, this image coincides with the kernel of the action map lim
be the transition function for P ′ from the Proof of 3.2.2. Since the action map is G( A ′ ⊗F x )-invariant (see 3.4.1), one has Ker σ X ′ = Ad g(Ker g −1 σ X ′ ), where
is the action map associated with the morphism g −1 (f ) :
Note that g −1 (f ) is the morphism from X ′ to the point P 0 ∈ Bun G,x which corresponds to the trivial bundle on C.
Proof. The map g −1 σ X ′ is obtained by tensoring by A ′ the map
ω denotes the G m -torsor corresponding to ω; the Lie algebra g ⊗ F x acts on
is the stabilizer of a point in
• ω lying over P 0 . Hence Ker σ P 0 is a Lie subalgebra of g ⊗ F x which projects isomorphically onto g ⊗ O(C \ {x}) ⊂ g ⊗ F x . There is only one such Lie subalgebra in g ⊗ F x , namely
It is a Lie subalgebra by the residue teorem. Its uniqueness follows from the fact that the Lie algebra g ⊗ O(C \ {x}) coincides with its commutator algebra.
End of proof of b). Due to the Claim we have Ker
Let us prove that
The connection ∇ Fx is extended to the connection ∇ on the bundle P ′ | X ′ ×(C\{x}) ; P ′ is given by the transition function g; and g −1 acts on connections on the trivial G-bundle over
Hence, g −1 ∇ Fx is extended to a connection on the trivial bundle over
where p m,n : Bun G,nx → Bun G,mx is the projection, and
It follows that the ideal of the closed subscheme
It is easy to see that the ideal of the closed subscheme
h) Since the system of isomorphisms J mx is compatible, it is enough to prove that the isomorphism of ind-schemes
where π nx is the projection Conn G,nx × Bun G,nx Bun G,x → Bun G,x . This sheaf is G(F x )-equivariant, and the morphisms Φ X yield a morphism of sheaves
It is enough to prove that this morphism is G(F x )-invariant. Consider also the sheaf of O Bun G,x -modules
This sheaf is naturally G(F x )-equivariant. The morphisms σ X are glued to a surjective (by 3.5.4) morphism of sheaves σ : g ⊗ O Bun G,x ⊗F x → B(ω). Since σ is G(F x )-invariant by 3.4.1, it suffices to prove that the morphism Φ :
Let S = Spec R. We are to prove that the morphism
is G(F x )(R)-invariant. But this is exactly the computation (9) with
The proposition is proved.
3.5.6. We have constructed, in particular, a 1-isomorphism of stacks 3.5.5h , case m = 0). It remains to prove that this 1-isomorphism is canonical, i.e. does not depend on the choice of a point x.
For that, one constructs a 1-isomorphism J(x 1 , . . . , x l ) : Conn G ∼ → T * Bun G for any pairwise different points x 1 , . . . , x l ∈ C. This is done similarly to the construction of the 1-isomorphism J(x), with the following replacements. 1) Instead of the stacks Bun G,nx and the scheme Bun G,x one uses the stacks
2) Instead of the affine Kac-Moody extension g ⊗ F x one uses the 1-
One uses rational connections with poles at x 1 , . . . , x l etc. All the statements and proofs of 3.2-3.5 have direct analogs in this more general setting.
It is clear that for l ≤ l ′ there is a canonical 2-isomorphism J(x 1 , . . . , x l ) ≃ J(x 1 , . . . , x l ′ ). Hence for all x 1 , x 2 , J(x 1 ) ≃ J(x 1 , x 2 ) ≃ J(x 2 ). This 2-isomorphism satisfies the cocycle condition for x 1 , x 2 , x 3 , due to the isomorphisms J(x i ) ≃ J(x 1 , x 2 , x 3 ), 1 ≤ i ≤ 3.
Theorem 3.0 is proved.
3.6. Remark. A similar argument yields the following description of the (non-twisted) cotangent stack T * Bun G . For S ∈ Af f , an object of T * Bun G (S) is the same as a principal G-bundle P on S × C and a section s ∈ Γ(S × C, pr
The proof is completely similar to but simpler than the proof of Theorem 3.0; instead of the g ⊗ F x -action on ω one uses the (g ⊗ F x )-action on Bun G,x from 3.2.
A conjecture on quantization of the geometric Langlands correspondence
In this section the base field is k = C.
4.1. The Langlands dual group. Let us introduce the following four equivalent categories, convenient for stating functorial properties of the notion of Langlands dual group.
So Langlands duality is a functor Gr out → PDG or RGr → PDRG quasi-inverse to the forgetful functor.
The geometric Langlands-Drinfeld conjecture. For any G ∨ -local system P ∨ on C, there exists a unique (up to an isomorphism) irreducible holonomic D-module F P ∨ with regular singularities on Bun G , which admits a structure of Hecke eigen-D-module with eigenvalue P ∨ .
(See [BD2] §5 for the definition of a Hecke eigen-D-module.) The correspondence P ∨ → F P ∨ is referred to as the geometric Langlands correspondence.
4.3.
A "quantum" conjecture. Fix the scheme T = Spec k (t − a)
T is a Noetherian affine scheme whose set of closed points coincides with k \ Q ∪ {0, ∞}.
4.3.2. The "quantum" conjecture states the following.
There exists a functorial way to assign to each simple algebraic group G an open dense substack Bun
flat as an O T -module, with the properties 1-3 stated respectively in 4. 3.4, 4.3.6 and 4.4.3. We are going to state the properties 1-3 of L with necessary preparations, comments and corollaries. The idea of properties 1,2 is due to V. Drinfeld. 4.3.3. Comment. The words "functorial way" in the Conjecture mean the following: for any morphism (G 1 , G
, and L(G 1 , G ∨ 1 , ι 1 ) should be isomorphic to the pullback of L(G 2 , G ∨ 2 , ι 2 ); the latter isomorphism should satisfy the obvious compatibility condition for a triple
4.3.6. Property 2: the classical limit at t = 0. Consider the asymptotic limit L 0 of L at t = 0. This is a D Bun
with the following properties: comes from the theory of duality of W -algebras [F] . This formula has the following simple interpretation proposed by the Editor. Let us consider a 1-parameter family of invariant bilinear forms on both g and g ∨ = Lie G ∨ defined as follows: they are proportional to the standard form (see 3.4.2) and they are connected by the rule that the induced forms on the abstract Cartan subalgebras are dual to one-another, which makes sense, since h and h ∨ are canonically dual. Then if the form on g is t , then the corresponding form on g ∨ is t ∨ , ∨ , where , ∨ denotes the normalized form on g ∨ .
4.3.9. Remark. Possibly there is a "right" object extending L to T × Bun G × Bun G ∨ (or even to P 1 × Bun G × Bun G ∨ ); this object can be a complex of asymptotic twisted D-modules or an object of certain derived category, but definitely it cannot be a D 
Consider its asymptotic limit L 0 at t = 0. This is a D Bun G ⊠ O Conn G ∨ -module. A "naive" requirement is that the fiber of L 0 at any P ∨ ∈ Conn G ∨ (k) is F P ∨ (see 4.2). Take P ∨ to be the trivial G ∨ -local system. Then the group G ∨ of automorphisms of P ∨ acts by functoriality on F P ∨ , and this action is non-trivial due to the natural functorial properties of the structure of Hecke eigen-D-module which one can expect from F P ∨ . But here one has a contradiction with irreducibility of the holonomic D-module F P ∨ ("the Schur lemma"). This observation is due to the Editor. By definition, for S = Spec R ∈ Af f , V G (S) is the set of homomorphisms of graded algebras
. The group G m (S) = R * acts on V G (S) as follows:
It is easy to see that V G is non-canonically isomorphic to the vector space ⊕ rank G i=1 Γ(C, ω ⊗d i C ), with the following G m -action: t ∈ G m acts on Γ(C, ω ⊗d i C ) as multiplication by t d i . Let us construct the morphism H G : T * Bun G → V G . Let S ∈ Af f and (P, s) ∈ T * Bun G (S), where P is a principal G-bundle on S × C and s ∈ Γ(S × C, pr
• 2 ω C ⊗ g P ) (see 3.6). Any invariant polynomial p ∈ Sym i (g * ) G induces a non-linear map a p : pr
• 2 ω C ⊗ g P → pr where
is the product of Hitchin maps. In particular, for any κ ∈ k \ Q the singular support of L κ def = L | {κ}×Bun
(ii) The singular support of Remark. The latter assertion on the singular support of F P ∨ is a well known conjecture. The property 3 is also motivated by the results of [F] , [BD2] , and [PR] (see the next Remark). 4.4.5. Remark. For a similar to Conjecture 4.3.2 statement (and proof) in the case G = G ∨ = GL(1), see [PR] . The authors of loc. cit. consider dual abelian varieties, e.g. the (self-dual) Jacobian of C, instead of Bun G and Bun G ∨ .
